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Abstract

I show that bidder consolidation can raise seller revenue in a multi-unit uniform-price
auction with one large bidder and a unit-demand fringe. Consolidating the fringe
into equal-capacity blocks replaces its truthful bids with shaded ones, yet those same
lower bids make the large bidder less likely to set the price with its own marginal
bid, disciplining its pre-existing demand reduction. The net effect is ambiguous in
general, but in a benchmark with one rejected bid I identify configurations in which
consolidation raises revenue for every distribution within a given regularity class, on
a scale from Myerson regularity to a monotone hazard rate. Within that class, the
pre- to post-consolidation revenue ratio obeys a sharp upper bound determined only
by the number and common capacity of post-consolidation bidders. A bound below
one guarantees a revenue gain throughout the class.
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1 Introduction

Bidder consolidation is ordinarily expected to reduce seller revenue by removing independent
competitors (Markham, 1970; Hendricks and Porter, 1992). In a multi-unit uniform-price
auction, however, the initial market may already be distorted by demand reduction: a large
bidder shades its marginal bid because that bid can determine payments on units it wins
(Engelbrecht-Wiggans and Kahn, 1998; Ausubel et al., 2014). Consolidation can therefore
alter an existing strategic distortion as well as the number of competitors.

This paper studies the interaction between these two forces. Consider a large bidder fac-
ing a truthful unit-demand fringe. Consolidating the fringe into multi-unit bidders replaces
truthful bids with strategically shaded ones. Holding the large bidder’s behavior fixed, this
lowers expected revenue: the price-setter-destruction effect. But the same lower bids also
make any given marginal bid by the large bidder less likely to set the price on its other units.
This change can weaken the incentive to suppress that bid. I call this offsetting force the
discipline effect. Consolidation thus introduces demand reduction among the fringe while
potentially alleviating the demand reduction already present.

The discipline effect can be strong enough to raise seller revenue despite the loss of
independent competitors. In a simple example with three units and independent uniform
values, reorganizing bidder capacities from (2,1,1) to (2,2) raises expected revenue from
0.15 to 0.20. Both remaining bidders shade, yet the seller earns one-third more.

To examine the forces behind this revenue gain, I study a benchmark with one rejected
bid. There are K = Ng — 1 units, initially contested by one g-unit bidder and (N —
1)g unit-demand bidders. The fringe then consolidates into N — 1 blocks of capacity g,
leaving N equal-capacity bidders. Unit values are independently drawn from a common
distribution F. The single rejected bid determines the uniform price. In this setting, the

symmetric increasing post-consolidation equilibrium is efficient and revenue equivalent to



Vickrey, providing a tractable benchmark for the comparison (Engelbrecht-Wiggans and
Kahn, 1998, 2002). Within this benchmark, two questions arise: how broadly does the
discipline effect operate, and when is it strong enough to outweigh the destruction of truthful
bidding?

The first main result shows that discipline is a systematic feature of this environment
rather than a peculiarity of the uniform example (Theorem 1). Holding the fringe’s truthful
bids fixed, replacing the large bidder’s pre-consolidation strategy with its post-consolidation
strategy strictly raises expected revenue for every value distribution on a regularity scale
running from Myerson regularity to a monotone hazard rate. Crucially, this is not sim-
ply a consequence of the large bidder bidding more at every value after consolidation. At
sufficiently low values, the large bidder does bid more: types that previously bid zero on
the marginal unit submit positive bids after consolidation. At higher values, however, the
response can go the other way. Even under a monotone hazard rate, lower fringe bids can
make it attractive for the large bidder to compete for the marginal unit with a lower bid of
its own. These possible bid changes do not carry equal weight in the revenue comparison.
Because the lowest bid sets the price, increases in low bids are particularly consequential,
whereas reductions in higher bids may leave the price unchanged. Theorem 1 establishes
that, throughout the regularity scale, the upward responses generate enough additional rev-
enue to outweigh any losses from the downward responses.

A positive discipline effect, however, does not settle the overall revenue comparison,
because consolidation also replaces truthful fringe bids with shaded ones. Indeed, an ex-
ponential example shows that revenue can fall even when the large bidder raises its bid at
every positive value. The second main result identifies when discipline necessarily outweighs
this price-setter-destruction effect (Theorem 2). I derive a sharp upper bound on the pre-
to post-consolidation revenue ratio, determined only by the number and common capacity

of post-consolidation bidders and the regularity class. A bound below one guarantees that



consolidation raises seller revenue for every distribution in the class. Generalized Pareto dis-
tributions attain the bound; when it exceeds one, both gains and losses from consolidation
are possible.

Intuitively, the bound combines two quantities. The first is the relative revenue ad-
vantage that fully truthful bidding would give the pre-consolidation market over the post-
consolidation equilibrium. With one rejected bid, both revenues are proportional to the
same expected lowest unit value: in the fully truthful pre-consolidation counterfactual, that
value is charged on Nq — 1 units, whereas revenue equivalence makes post-consolidation ex-
pected revenue equal to N — 1 Vickrey payments based on that value. This truthful-bidding
leverage therefore depends only on N and q. The second quantity is the maximum frac-
tion of this fully truthful revenue that can survive the large bidder’s pre-existing demand
reduction. The capacity component of the large bidder’s price-setting exposure, again fixed
by N and ¢, and the regularity class jointly bound this fraction. Their product gives the
largest pre- to post-consolidation revenue ratio possible within the class. If it is below one,
consolidation raises seller revenue even for the distribution in the class that is most favorable
to pre-consolidation revenue.

Section 2 reviews the related literature. Section 3 presents the motivating example, and
Section 4 develops the model. Section 5 separates the two revenue effects and establishes
aggregate discipline. Section 6 derives the exact revenue comparison, the sharp class-wide
bound, and its capacity implications. Section 7 examines welfare and consolidation incen-
tives, and Section 8 discusses examples beyond the benchmark. Proofs and extensions are

collected in the appendices.



2 Related Literature

This paper relates to the literature on bidder coalitions and mergers. Combining indepen-
dent bids can weaken competition and lower seller revenue (Graham and Marshall, 1987;
Waehrer, 1999; Dalkir et al., 2000). The literature has also identified potential benefits of
joint bidding through the relaxation of financing constraints, risk sharing, and information
pooling (Hendricks and Porter, 1992; Millsaps and Ott, 1985; DeBrock and Smith, 1983; Kr-
ishna and Morgan, 1997). This paper examines a mechanism arising from the reorganization
of demand within the auction. Consolidation transforms a market with one large bidder and
a unit-demand fringe into one with equal-capacity bidders, changing the large bidder’s in-
centive to reduce demand. The potential revenue gain arises without savings in entry costs,
relief from financing constraints, or benefits from risk sharing or improved information.

Levin (2004) studies joint bidding in common-value, multi-unit uniform-price auctions,
where information pooling interacts with demand reduction. He shows that the revenue
benefits of information pooling in single-unit auctions need not extend to a multi-unit setting,
and that demand reduction by joint bidders further limits these benefits. In the present
paper, demand reduction is already present before consolidation: a large bidder shades its
marginal bid while the unit-demand fringe bids truthfully. Joint bidding by the fringe creates
additional demand reduction but also changes the bidding incentives of the large bidder,
potentially alleviating its existing demand reduction. This response provides an offsetting
force to the revenue loss from fringe shading.

The interaction between a large bidder and a truthful fringe is also central to Baisa
and Burkett (2018). They study a divisible-good auction in which a privately informed large
bidder faces small bidders, and compare uniform-price and discriminatory formats for a given

market structure. The present paper holds the uniform-price format fixed and examines the



transition from a large bidder facing a unit-demand fringe to competition among equal-
capacity bidders.

The analysis of post-consolidation equilibrium in this paper builds on Engelbrecht-
Wiggans and Kahn (1998, 2002), who establish efficiency and revenue equivalence to
Vickrey in the symmetric increasing equilibrium when almost every bid wins. Their analysis
provides the revenue benchmark for the consolidated market. Comparing this benchmark
with the asymmetric market before consolidation connects the paper to the literature on
demand reduction in multi-unit auctions, including Ausubel et al. (2014), through the effect
of bidder organization on the incentives to shade marginal bids. Elskamp and Kirkegaard
(2019) study the symmetric case in which total demand exceeds supply by one unit and
show that, for a fixed distribution of the marginal value, the equilibrium marginal bid is the
same whenever the number of bidders equals capacity.

The use of revenue bounds also relates to Coey et al. (2019), who use order-statistic
gaps to bound the expected revenue loss from counterfactual bidder mergers in single-object
ascending auctions. Here, the bound concerns the interaction between consolidation and pre-
existing demand reduction in a multi-unit auction, using restrictions on the value distribution
and bidder capacities.

The emphasis on how market power is distributed across participants, beyond their num-
ber, connects the paper to experimental work on market structure. Holt et al. (1986) show
in oral double auctions that reallocating units across traders can alter market power while
holding the number of traders fixed. Davis and Holt (1994) distinguish the effects of market
power from those of seller numbers in posted-offer markets: reallocating capacity to create
market power raises prices, whereas mergers that reduce seller numbers without changing
market power have little additional effect on prices. The present paper examines a related
issue in a uniform-price auction, where the distribution of demand across bidders determines

their exposure to setting the price on inframarginal units.



3 A Motivating Example

A seller offers three identical units to one two-unit bidder and two unit-demand bidders.
Every unit value is an independent uniform draw on [0, 1]. The three highest bids win, and
the single rejected bid determines the price paid on each winning unit. Consolidating the
two unit-demand bidders changes capacities from (2,1, 1) to (2,2) without changing values
or supply.

Before consolidation, the unit-demand fringe bids truthfully. Let X be the large bidder’s
lower value and Y the lower fringe value. Each is the minimum of two independent uniform
draws, so both have cdf 1 — (1 — v)?. The large bidder is guaranteed one unit. Raising its
marginal bid can win the second unit, but if the bid still loses, it raises the price paid on the

guaranteed unit. Balancing these margins gives v = b+ (1 — b)/2 and the optimal bid
' (v) = max{0, 2v — 1}. (1)

The large bidder therefore gives up the marginal unit whenever v < 1/2. The shading
wedge (1 —0)/2 equals the guaranteed quantity divided by the hazard 2/(1 —b) of the lowest
fringe bid. This ratio measures the large bidder’s price-setting exposure. Since the price is
min{b(X), Y}, expected revenue is R = 3/20.

After consolidation, both bidders shade: the symmetric increasing equilibrium marginal
bid is 8(v) = v? (see also Noussair, 1995). Expected revenue becomes R’ = 3 E[min{3(X),
B(Y)}] = 1/5. The seller gains 1/20 despite losing an independent bidder.

Two larger effects lie behind this gain. First, holding the fringe’s bids truthful, replace
b (X) with B(X). Revenue rises from R! = 3/20 to the hybrid revenue R = 47/140, an
increase of 13/70: the large bidder bids more at every positive value. Second, replace the
truthful fringe bid Y with the consolidated bid B(Y). Revenue falls from RY = 47/140 to
R7 =1/5, a decrease of 19/140. The net change is 13/70 — 19/140 = 1/20. The first change



disciplines pre-existing demand reduction; the second destroys truthful fringe price-setting.
The example establishes that discipline can dominate. The analysis below asks whether
discipline remains positive more generally and when it is strong enough to deliver a net

revenue gain.

4 Model and Equilibrium

4.1 Environment

A seller offers K = Nq — 1 identical units, where N > 2 and ¢ > 2 are integers. The K
highest sealed bids win, and each winner pays the highest rejected bid per unit. There are
Nq unit values, drawn i.i.d. from a cdf F' with continuous positive density on [0,w), w < co.
Write f for the density of F' and Ap = f/(1—F') for its hazard rate. Bidders are risk neutral.
A bidder winning k£ units obtains the sum of its k highest unit values minus its payment,
and each consolidated block maximizes its members’ joint payoff.

Before consolidation (regime I, for individual bidding), one bidder controls ¢ units of
demand and faces (N — 1)¢ truthful unit-demand bidders. After consolidation (regime J,
for joint bidding), the fringe is organized into N — 1 blocks of capacity ¢, leaving N equal-
capacity bidders. Throughout, the large bidder denotes the bidder that controls ¢ units before
consolidation; the new blocks are the consolidated fringe bidders. Both regimes contain the
same unit values and hold participation, supply, and the pricing rule fixed. Consolidation
occurs before values are realized, and each block observes and controls its assigned values.
Voluntary formation and internal reporting are outside the model.

Because exactly one bid is rejected, each multi-unit bidder receives at least ¢ — 1 units.

Its strategic choice reduces to its lowest bid, which alone determines whether it receives ¢ — 1



or ¢ units and whether its own bid sets the price. Let
G,=1-(1-F), S=1-G,=(1-F), A:g—;:qAF. (2)

Here g, denotes the density of G,. Write G = G, within a fixed market. The large bidder’s
lowest value is X ~ (. The prospective fringe-block minima are my, ..., my_1, and their
minimum Y = min;m; has survival function SV~!, independently of X. Assume finite

benchmark revenue:

0< /Ow[1 — F(p)]Ndp < oo. (3)

This condition concerns the lowest of all unit values, not the mean of an individual value; a
finite mean is not required. The distinction allows the sharp bounds below to cover heavy-
tailed regular distributions.

The induced distribution G, records how capacity changes the relevant marginal value.
When ¢ varies, holding the unit-value distribution /' fixed does not hold G, fixed. For a
given market, define

qg—1 Ng-—1

= — L =
d N -1’ N -1

=q+d. (4)

The parameter d captures the capacity component of price-setting exposure; d/A(p) also
depends on the distribution. The factor L will link the fully truthful revenue benchmark to

post-consolidation revenue.

4.2 Bidding incentives and revenues

Let Ag =1 — SY~! be the cdf of YV, with density a¢. If the large bidder’s marginal bid b

beats Y, it wins ¢ units at price Y; otherwise it wins ¢ — 1 units at price b. Omitting the



value of those guaranteed units, its expected payoff is

b
1bi0) = [ (0= g2)ac()d= = (g = DHSH) (5)

Write b (v) for any measurable selection of global maximizers. With o(p) = p+ d/\(p), the

derivative of (5) with respect to b is

PO _ o) o — 00, (6

so the interior first-order condition is v = ¢(b). Thus, ¢(p) is the marginal value for which
bid p satisfies the first-order condition, generalizing v = b+ (1—0)/2 in the example. Raising
the marginal bid trades off the chance of winning another unit against a higher price on the
q — 1 guaranteed units. The wedge d/A(b) measures this exposure. An interior solution need

not be a global optimum, so the analysis works with global best responses.
Proposition 1 (Equilibrium and revenues). In the benchmark:

(i) Truthful bidding is weakly dominant for the fringe. The large bidder has a marginal

best response with 0 < b (v) < v for v > 0, unique for almost every type.

(ii) Pre-consolidation expected revenue is
Rhy =K [ S0 P01X) > ) d. 1)

(iii) In the symmetric increasing equilibrium after consolidation, marginal units are allocated

efficiently and expected revenue equals Vickrey revenue:

Rl =(N—1) / " S dp. (®)
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Proof. See Appendix A.1.

Part (iii) uses the almost-every-bid-wins result of Engelbrecht-Wiggans and Kahn (1998,
2002). I select this symmetric increasing equilibrium after consolidation: each block bids its
top values truthfully and uses a marginal strategy § with 0 < S(v) < v for v > 0.! Since
G has a density, choices among exceptional tied best responses before consolidation do not
change expected revenue.

The tractability of the benchmark comes from one rejected bid and matched block-
minimum distributions. These features reduce bidding to a scalar marginal decision and

make the consolidated equilibrium efficient.

5 The Two Revenue Effects

5.1 Separating discipline from the loss of truthful price-setting

Consolidation changes both sides of the price comparison: the large bidder switches from
bl to 3, while the lowest fringe bid falls from Y to 5(Y). A hybrid profile isolates the first

change by holding the fringe’s bids truthful:

R' = KEmin{b!(X),Y}], RY” = KEmin{p(X),Y}, R’=KEmin{s(X),s(Y)}].

The hybrid profile need not be an equilibrium. It holds the fringe’s bids fixed while measuring
the revenue effect of the large bidder’s response.

Define the discipline and destruction terms by

R’ — R' = (R" — R")+ (R’ — R™). (9)
disci;ﬁne D destru‘c’tion T

L An all-zero marginal-bid profile cannot be an equilibrium: a bidder with marginal value v > 0 can bid
0 < € < v, securing its marginal unit at price zero rather than risking rejection. Asymmetric equilibria can
nevertheless exist.

11



The destruction term is unambiguously negative: 5(Y) < Y, so replacing truthful fringe
bids with shaded bids lowers the price with positive probability. Discipline requires more
work. Lower fringe bids change both the large bidder’s chance of winning the marginal unit
and its exposure to pricing the guaranteed units. A higher bid at every value would suffice,

but that is not how the general result is obtained.

5.2 Discipline in the aggregate

The large bidder responds to lower rival bids after consolidation, but its optimal response
need not be upward at every value. Rather than impose a pointwise ordering, I compare the

revenue generated by the two strategies across the standard regularity scale.?

Definition 1 (a-strong regularity). For o € [0,1], a edf H with hazard Ay is a-strongly
reqular if its virtual value ¥y (v) = v — 1/Agy(v) satisfies ¥y (y) — Yu(x) > a(y — x) for all

y > x. Myerson regularity is « = 0; MHR is @ = 1.

Theorem 1 (Aggregate discipline). Let the unit-value cdf F be a-strongly reqular for some
a € [0,1] and satisfy (3). Then D > 0 for every measurable selection of pre-consolidation

best responses. No pointwise ordering of b' and (3 is required.

Proof. See Appendix A.3.

The theorem extends the positive discipline effect beyond the uniform example. Low-
value types that previously gave up the marginal unit bid positively after consolidation, while
some higher-value types may bid less, even under MHR. These changes do not contribute
equally to revenue. Against a truthful fringe, a marginal increase in bid b changes expected

revenue at rate KP(Y > b): low bids are more likely to set the price than high bids.

2For a-strong regularity and its auction applications, see Cole and Roughgarden (2014); Cole and Rao
(2017). Schweizer and Szech (2019) study an equivalent quantitative strengthening of Myerson regularity.
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This weighting alone does not determine the sign. Regularity also restricts how little the
large bidder can shade before consolidation. On the cumulative-hazard scale, positive pre-
consolidation bids must lie a minimum distance below their types. The post-consolidation
bid, by contrast, is an exponentially weighted average of lower type values, with positive
weight on zero. The declining price impact described above makes expected price concave
in the bid. Jensen’s inequality therefore gives a lower bound on hybrid revenue, while
regularity gives an upper bound on pre-consolidation revenue. The proof shows that the
former exceeds the latter. Taking the minimum of ¢ unit values strengthens regularity, so
even Myerson regularity of F' is sufficient. Appendix B.1 gives an MHR example in which

some types bid less after consolidation.

5.3 Discipline is not sufficient

A positive discipline effect does not ensure that consolidation raises revenue. In the uniform
example of Section 3, discipline outweighs the destruction of truthful fringe bidding. An
exponential example reverses this ranking, even though the large bidder again bids more at
every positive value.

Keep the same market structure, N = g = 2, but let unit values follow an exponential
distribution with mean 1/2, the mean of the uniform example. Here, p(p) = p+1/4 is strictly

increasing. Since the payoff derivative has the sign of v — (b), the global best response is
b’ (v) = max{0,v — 1}. (10)
The post-consolidation equilibrium marginal bid is

Bv)=v—1i1-e™). (11)

13



Uniform Exponential

D ~0.186, T =~ —0.136 D ~0.073, T =~ —0.086
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Figure 1: Discipline is not sufficient. Solid and dashed curves show the large bidder’s post-
and pre-consolidation marginal bids; the dotted line shows truthful bidding. Both panels
use N = g = 2. The exponential panel displays only 0 < v < 1; the reported revenue effects
use the full distribution.

For 0 < v < 1/4, the large bidder switches from a zero bid to a positive bid. For v > 1/4,
its bid increases by e~ /4. Consolidation therefore raises its marginal bid at every positive
value, as in the uniform example (Figure 1).

To trace the revenue consequences, retain the hybrid profile of Section 5.1: the large
bidder uses 3, while the fringe continues to bid truthfully. Expected revenues are

R’ =
8¢’ 4

é. (12)

The large bidder’s response raises revenue by D = R¥ — R! ~ 0.073, while replacing the

truthful fringe bids with shaded bids lowers it by T' = R’ — R¥ ~ —0.086. Section 6 examines

when capacity structure and distributional regularity guarantee a revenue gain.
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6 Revenue Comparisons and Sharp Bounds

The decomposition identifies why revenue changes. To determine when the net change must
be positive, it is useful to express the same comparison as a revenue ratio. This separates
the leverage of truthful bidding from the fraction of that benchmark that survives the large

bidder’s demand reduction.

6.1 The exact revenue ratio

Suppose first that the large bidder also bids truthfully before consolidation. This profile is
not an equilibrium; it serves as a benchmark. Let Rf\}f;uthm denote its expected revenue.

The price is then min{X, Y}, whose survival function is SV, and
Ry = K E[min{X,Y}] = L R, (13)

The same expected lowest value appears on both sides. In the fully truthful market it is
charged on Ng — 1 units. In the corresponding Vickrey auction after consolidation, the
bidder with the lowest marginal value pays zero, while each of the other N — 1 bidders
pays that value. Revenue equivalence transfers this total to the uniform-price equilibrium.
Consequently, the ratio L = (Ng — 1)/(N — 1) depends only on capacities, although the
revenue levels depend on F.

Actual pre-consolidation bidding retains only part of this truthful benchmark. Define,
for 0 <p < w,

N
p(p) = S pu(dp) = fs(p) i

oSN dt

(14)

The numerator of p is the probability that the large bidder’s actual bid exceeds p; the
denominator is that probability under truthful bidding. Since b'(X) < X, the ratio lies

in [0,1]. It is also the ratio of actual to fully truthful probabilities that the auction price

15



exceeds p, because the independent fringe contributes the same factor S(p)¥~! to both.
The measure p weights these thresholds by their contribution to benchmark revenue. Write

p= [ p(p) u(dp) for the weighted average retained fraction.

Proposition 2 (Exact revenue comparison). For any measurable pre-consolidation best re-
sponse,

M — 1. (15)
Consolidation raises expected revenue if and only if p < 1/L.

Proof. See Appendix A 4.

Thus p is the fraction of fully truthful revenue retained after demand reduction. Con-
solidation raises revenue when this fraction is small enough to offset the truthful market’s
leverage L.3

The uniform and exponential examples have the same market structure, N = ¢ = 2, and
hence the same leverage, L = 3. Consolidation therefore raises revenue precisely when pre-
consolidation demand reduction leaves less than one third of fully truthful revenue. Under
uniform values, p = 1/4 < 1/3, giving R/ /R’ = 3/4; under exponential values, p = 1/e >

1/3, giving R /R’ = 3/e. The two examples lie on opposite sides of the same threshold.

6.2 A sharp class-wide bound

Without a restriction on F', no overbidding gives only R!/R’ < L. Regularity sharpens the
comparison by limiting the fraction of truthful revenue that can survive the large bidder’s

shading.

3The ratio and the decomposition D + T describe the same comparison through different benchmarks:
R in which only the fringe is truthful, and RTt""thful ip which both the large bidder and the fringe bid
truthfully. Accordingly, L and p do not correspond to T and D.
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Theorem 2 (Sharp class-wide revenue bound). Let the unit-value cdf F' be a-strongly reqular

for some o € [0, 1] and satisfy (3). For any measurable pre-consolidation best response,

=y

N g1 1790
) SBqu(OOEL 1+<1—Oé>m ,

(16)
R,

where BJFV’q(l) = Le¢ is the continuous limit. Generalized Pareto unit values attain the
bound, including exponential values at o« = 1. If Bﬁ’q(a) < 1, consolidation raises revenue
for every distribution in the class; if Bﬁvq(a) > 1, both gains and losses occur within the

class.

Proof. See Appendix A.5.

The bound is the largest value of R!/R’ attainable within the regularity class. Its two
factors have distinct roles. The first, L, is the truthful-bidding leverage fixed by capacity.
The second is an upper bound on the retained fraction. Because positive pre-consolidation
bids must lie a minimum distance below their types on the cumulative-hazard scale, p(p)
cannot exceed the second factor at any price threshold, and neither can its weighted average
p. Generalized Pareto distributions attain the retained-fraction bound at every threshold,
making the resulting revenue bound sharp.

A bound above one leaves the sign unresolved rather than predicting a loss. Every
regularity class considered here also contains distributions with complete demand reduction,
b'(X) = 0 almost surely, for which R’ = 0. Both zero and the upper bound are therefore
attainable.? With N = ¢ = 2 and MHR values the bound is 3/e ~ 1.104, attained by the
exponential example of Section 5.3; the uniform example lies below it at 3/4.

The distance of the bound from one also has a magnitude interpretation:

R _ RI
RS

1At B}\? q (a) = 1, consolidation weakly raises revenue throughout the class, and equality is attained.

>1— By, (a). (17)
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When the bound is below one, this is a lower bound on the gain as a share of post-
consolidation revenue. When it is above one, the same inequality limits the possible loss

on that scale.

6.3 Capacity comparisons and revenue magnitude

Each before-and-after comparison holds supply and the underlying unit values fixed. Varying
N or g, however, compares different markets: total demand and supply K = Nq — 1 change
with them. The following thresholds describe those market configurations, not successive
mergers within a fixed market.

Under MHR, the bound simplifies to

=y

I
N,q F _ —d
Rl < BY (1) =Le ™, (18)

so consolidation raises revenue for every distribution in the MHR class if and only if
d > 1In(q + d). (19)

Increasing capacity raises the number of units on which a losing marginal bid sets the price,
strengthening the incentive for demand reduction before consolidation. Increasing the num-
ber of rival blocks works in the opposite direction through d = (¢—1)/(N —1). In the MHR
bound this trade-off appears as the exponential discount e~¢ against the truthful-bidding
leverage L = q + d.

For fixed ¢, the MHR condition eventually fails as N grows; for fixed NV, it holds once ¢
is sufficiently large. Proportional growth of ¢ and N is not enough: (19) requires capacity
to grow faster than bidder count, on the approximate scale ¢ 2 (N — 1)Ing. The same

qualitative conclusions hold at every a € [0, 1], with weakly larger minimum capacities
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Table 1: Minimum capacity ¢ guaranteeing a revenue gain throughout the class

Post-consolidation bidders N MHR unit values (&« = 1) Regular unit values (o = 0)

2 3 4
3 5) 7
4 9 10
) 12 14

Table 2: Uniform-value examples versus the MHR-class conclusion

(N,q) R!'/R’, uniform values MHR upper bound MHR-class implication

(2,2) 0.750 1.104 both signs possible
(2,3) 0.185 0.677 gain throughout
(3,2) 1.406 1.516 both signs possible
(3,4) 0.839 1.227 both signs possible
(3,5) 0.544 0.947 gain throughout

For uniform unit values, the reported ratios use R /R” = L(1 — d/q)9, obtained from the linear ¢ in the
bidding condition.
required for a revenue guarantee at lower a. These are properties of the class-wide bound,
not claims that realized gains are monotone in either parameter for a fixed distribution.

Table 1 gives the smallest integer capacities guaranteeing a revenue gain throughout the
MHR and regular classes. Below these capacities, revenue gains remain possible but are
not guaranteed. Table 2 shows why a class-wide guarantee differs from a calculation for
one distribution. At (N, q) = (3,4), for example, uniform values produce a gain although
other MHR distributions produce a loss. The MHR bound is therefore conservative for this
particular distribution, but not loose for the class: some member attains it. Conversely, a
bound below one establishes a gain without choosing a particular F'.

Ratio improvements should not be confused with large absolute gains. With N and a
regular F' fixed, raising ¢ increases supply but also lowers the marginal values that determine
the price. Under the conditions in Appendix B.2, R!/R’ tends to zero while both R’ and
the absolute gain R7 — R’ tend to zero. The largest absolute gain is therefore reached at a

finite capacity.
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7 Welfare and Consolidation Incentives

The revenue comparison does not by itself determine who benefits or whether the fringe
would choose to consolidate. The common increasing post-consolidation strategy restores
efficient allocation of marginal units, and the large bidder benefits from facing shaded fringe

bids. The merging fringe need not share those gains.
Proposition 3 (Efficiency and payoffs). In the benchmark:

(i) realized allocative surplus is weakly higher under consolidation for every value profile.

Almost surely, the gain equals (X —Y)1{d(X) <Y < X} > 0;

(ii) the large bidder’s interim payoff is weakly higher at every type: its envelope value
increases from [ Ag(b'(t))dt to [ Ac(t)dt;

(iii) if pre-consolidation demand reduction is complete, meaning b'(X) = 0 almost surely,

each merging fringe block is strictly worse off almost surely.

Proof. See Appendix A.6.

The allocation improves precisely when pre-existing shading would cause the large bidder
to lose its marginal unit to a lower-value fringe unit. Consolidation removes this distortion
even when seller revenue falls. The large bidder’s payoff also rises because winning the
marginal unit against shaded fringe bids is easier than against truthful bids.

These gains do not ensure voluntary consolidation. In the uniform example, the seller
gains 1/20 and the large bidder gains 7/60, but the merging fringe loses 1/10 in total;
allocative surplus rises by 1/15. Under complete demand reduction the conflict is particularly
stark: fringe units initially win at zero price, whereas after consolidation each block pays
a positive price and may lose its marginal unit. In these cases, formation would require
transfers, participation benefits, or other motives not captured by a comparison conditional

on common bidding control.
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8 Discussion

The benchmark isolates the interaction between pre-existing demand reduction and the
shading introduced by consolidation. The examples below show that revenue gains remain
possible with additional rejected bids and with partial consolidation, while illustrating how
the balance between these forces depends on market structure.

With independent uniform unit values on [0, 1] and four units supplied, consolidating two
unit-demand bidders changes capacities from (2,2,1,1) to (2,2, 2), leaving two rejected bids
in both markets. In the equilibria constructed in Appendix B.3, expected revenue rises from
approximately 0.449 to 0.525. The discipline effect on the two existing multi-unit bidders
outweighs the destruction of truthful fringe bidding. The appendix establishes both equilibria
and proves the revenue gain using analytical upper and lower bounds; numerical integration
gives the reported revenue levels. A contrasting outcome arises with two units supplied:
under uniform values, the consolidation (2,1,1) — (2,2) admits a post-consolidation split
equilibrium that reduces revenue from 3/5 to zero.”

Partial consolidation likewise permits both signs. Under uniform unit values, the change
(3,1,1,1,1) — (3,3, 1), with six units supplied, raises expected revenue from approximately
0.094 to 0.174. By contrast, (2,1,1,1) — (2,2,1), with four units supplied, lowers revenue
from approximately 0.296 to 0.269. Both comparisons preserve one rejected bid and retain a
truthful unit-demand bidder. Complete consolidation of the fringe is therefore not necessary
for a revenue gain, and retaining some truthful fringe does not ensure one. Appendix B.4
gives the equilibrium constructions and revenue calculations.

The analysis abstracts from three features. The first is a reserve price, which affects

both payments and equilibrium selection. Burkett and Woodward (2020) show that reserves

5The split equilibrium, in which each bidder bids its higher value on one unit and zero on the other,
appears in Engelbrecht-Wiggans and Kahn (1998). Before consolidation, the large bidder bids zero on its
second unit, analogous to the complete demand reduction studied by Kagel and Levin (2001); the price is
then the lowest of its higher value and the two fringe values, and expected revenue is 3/5.
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can eliminate low-revenue equilibria, in which the price remains at the reserve, when ev-
ery bidder’s opponents have sufficient demand to exceed supply. In the post-consolidation
benchmark studied here, each bidder’s opponents have total capacity (N —1)g < K, so their
equilibrium-elimination result does not apply. The second is unmatched block-minimum dis-
tributions, which remove the symmetric Vickrey benchmark. The third is supply uncertainty
at the bidding stage, which changes the strategic problem.

The benchmark establishes a positive aggregate discipline effect and a sharp bound iden-
tifying when it outweighs fringe shading throughout a regularity class. The extensions show
that revenue-enhancing consolidation is not confined to one rejected bid or complete fringe
consolidation. Identifying similarly general conditions for these broader environments re-

mains an open question.
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A Proofs

Throughout, X ~ G and Y (survival SV~!) are independent; Ag = 1 — SV¥~! has density
ag = (N —1)SV"2g,: and for independent nonnegative random variables, E[min;U;] =
IS TL,P(U; > p)dp (layer cake). Note (¢ — 1)SN"!/ag = (¢ — 1)/[(N — 1)A] = d/A, which

gives the benchmark first-order condition (6).

A.1 Proof of Proposition 1

(i) Truthful bidding is weakly dominant for a unit-demand bidder, whose own bid never sets

a price it pays. For the large bidder, differentiating (5) gives

OllL(b; v)
b

(-S4
ac(b) A(b)

= ag(b)v = (b)),

Since p(b) = b+d/\(b) > b, the derivative is negative whenever b > v, so the payoft is strictly
decreasing on [v,w). It is continuous on the compact interval [0,v], so a maximum exists
and the measurable maximum theorem gives a measurable selection. Every best response
therefore satisfies 0 < b’ (v) < v for v > 0.

For almost-everywhere uniqueness, write I1(b; v) = vAg(b) — C(b), where
b
Cb) =g / cac(2) dz + (g — 1bS(H)N .
0

The optimized payoff U(v) = supycp., {vAg(b) — C(b)} is finite, convex, and Lipschitz,
because 0 < Ag < 1 and 0 < U(v) < v. At every differentiability point of U, all optimal
bids have the same slope A (b) = U'(v). Strict monotonicity of Ag makes the optimal bid
unique there. The exceptional types have Lebesgue measure zero and hence G-probability

Zero.
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(ii) The price is min{b’(X),Y}. Independence and layer cake give

Efmin{b(X), Y}] = / TBOHX) > )Sm)Y " dp.

which proves (7). No overbidding bounds this integral by [ S, so revenue is finite.

(7ii) Suppose the other N — 1 bidders follow a strictly increasing 3 solving

(v = B(v)ac(v) = (g - DF'()S@)¥,  B(0)=0. (A.1)

The solution is

1

Bv) = 8/ e~ H@=HWI/d gy \ () du,
0

where H = —InS. This representation gives 0 < f(v) < v for v > 0, and the ODE then
gives f'(v) > 0. A bidder with marginal value v that bids as type 6 obtains, apart from its

guaranteed values,

0
11, (6; 0) = / (v — 4B(2))ac(z) dz — (q — 1)BE)S(O)¥ .

The ODE gives 0I1;(6;v)/00 = (v — 6)ac(0), so reporting § = v is globally optimal. Bids
above the range of g give the limiting all-win payoff and cannot improve on this maximum.
This is the increasing equilibrium characterized by Engelbrecht-Wiggans and Kahn (1998,
2002).

The common increasing strategy rejects the lowest marginal value and therefore imple-
ments the Vickrey allocation. The marginal-type payoff is zero at v = 0, and the envelope
derivative is Ag(v) in both auctions, so interim expected payments coincide. In the Vickrey
auction, the block with the lowest marginal value pays zero and each other block pays that

value. Expected total payment is (N — 1)E[min{X, m4,...,my_1}], giving (8). O
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A.2 A common hazard-lag bound

Write r = 1/X and let V' be the inverse of H; thus H(X) ~ Exp(1) and V(0) = 0.

Lemma 1 (Hazard-lag bound). Suppose G is n-strongly reqular, n € [0,1]. Define

In[l1 + (1 —-n)d
" [1+( n)]’ <l

%M%=/{——————: L=n (A.2)
o 1+ —nu
d, n=1

For any measurable selection of pre-consolidation best responses, t > 0, and p € [0,w),
VV() S V((E—hy(d)y),  POUX) > p) < e DS(p) (A.3)

Proof. By Proposition 1(i), every best response satisfies b(v) < v for v > 0. Any
positive optimum is therefore interior and satisfies v —b = dr(b). Regularity gives r(b+u) <
r(b) + (1 — n)u, hence

du

dr(b)
H@%JHMEA e = )

This proves the first inequality, also trivially valid at a zero bid. The event b’ (X) > p implies
H(X) > H(p) + hy,(d), giving the second inequality. All hazard integrals remain inside the
support. Il

For the primitive model, write rp = 1/Ap; then r = rp/q implies r(t) — r(z) < (1 —

a)(t —z)/q for t > z. Thus G is n-strongly regular at 7 = a¢, where

ag—1-1-9 (A.4)
q

and ag > 0 because ¢ > 2.
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A.3 Proof of Theorem 1

Set 7 = ag > 0 and h = h,(d). The function A(b) = E[min{b,Y}] = [ S(p)¥ " dp is

increasing and concave, with A(0) = 0 and

J
RN,q

N -1

MEIE[A(X)]—/WS(p)Ndp— < 00.
0
Writing B(t) = 8(V (t)), the equilibrium ODE (A.1) gives B’ = (V — B)/d, B(0) = 0, so

sz‘A%“SWW$%=HW@—%Mm

where Fj is exponential with mean d. For fixed ¢, the random variable V((t — E4), ) takes

values in [0,V (¢)]. Jensen’s inequality and Tonelli’s theorem therefore give

oot e—t—e/d
BAGEON > [ [ A=) dedr = 2

where the equality follows by setting t = s + e. Lemma 1 and monotonicity of A give
E[A(V (X)) < / AV (t —h))e tdt =e M.
h

Both expectations are finite because their integrands are bounded by A(X), whose expecta-

tion is M < oco. Combining these inequalities with D = K E[A(B(X)) — A(b(X))] yields

1 _
A

- d
L+ (A.5)
= {_1 i Bf,’q(a)} Ry, >0,
because (A.2) gives h,(d) > fod(l +u)"'du = In(1 + d) when 1 > 0. O
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A.4 Proof of Proposition 2

The minimum min{X, Y} has survival S¥. Truthful pre-consolidation revenue is therefore
K / Ndp=LR’,

which proves (13). For any measurable best response, substitute (14) into Proposition 1(ii):
=K / p)dp = LR’ p.

Since R’ > 0, comparison with one gives the stated criterion. O

A.5 Proof of Theorem 2

Set 7 = ag. Lemma 1 gives p(p) < e at every p < w. Proposition 2 therefore implies

q — Lﬁ S Le—hn(d)

Substituting n = 1 — (1 — «)/q gives (16). More generally, Bﬁ’q(n) = Le () is the bound
when G is taken directly as an n-strongly regular primitive with [ S% < occ.

For generalized Pareto unit values with rp(v) = o+(1—a)v, o > 0, the induced reciprocal
hazard r = 1/ is affine, so ¢ is strictly increasing. The payoff derivative therefore changes

sign once, and the global best response is zero below ¢(0) and otherwise solves ¢(b) = v.

Hence P(b!(X) > p) = S(¢(p)), and

S(e(p)) [P _—hag(d)
S exp< /p A(t) dt) =e

for every p. Hence p(p) = e "o¢(9) 5o the bound is attained. Post-consolidation revenue is

R’ = (N -1)o/(Nq—1+a), finite and positive. If the bound exceeds one, this distribution

29



gives a revenue loss. For F,(v) = 1 — (1 —v)* on [0,1) with 0 < a < d/q, we have
o(b) = b+ aiq(l —b) > 1 > v for every b € [0,1) and every type v. The payoff in (5) is
therefore decreasing in b, so b’ = 0. This MHR distribution belongs to every regularity class
considered here and gives R = 0 < R’, establishing the attainable lower endpoint and,
when the upper bound exceeds one, the opposite revenue ranking. Equation (17) follows by

rearrangement. O

A.6 Proof of Proposition 3

(i) Regime I rejects min{b!(X), Y}, whereas the efficient rejection is min{X,Y}. Outside
the null set of ties, the allocation is inefficient exactly when b!(X) <Y < X, with surplus
loss X — Y. The symmetric increasing equilibrium in regime J eliminates this event. With
tied values, any rejection among the tied minima is efficient; hence the weak surplus ranking
holds for every value profile, while the displayed gain formula holds almost surely.

(7i) In each regime, the large bidder’s payoff equals its inframarginal values plus the value
of the marginal-unit problem. Its envelope derivative is Ag(b!(v)) before consolidation and
Ag(v) afterward. Both value functions are zero at marginal type zero, so integrating and
using b’ (v) < v gives the stated interim ranking.

(iii) If o' (X)) = 0 almost surely, every fringe unit wins at price zero almost surely before
consolidation. Consider a prospective fringe block with marginal value m and sum of unit
values W. Its pre-consolidation payoff is W. After consolidation, let P denote the realized
price. The block either wins all ¢ units, with payoff W — ¢ P, or loses its marginal unit, with

payoff W —m — (¢ — 1) P. Its realized loss is therefore

qP, if all ¢ units win,

m+ (¢—1)P, if ¢g— 1 units win.
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All block minima are positive almost surely, and S(v) > 0 for v > 0; hence P > 0 almost

surely. Both expressions are then strictly positive. [

B Additional Results and Extensions

B.1 An example without pointwise discipline

Let the induced block-minimum hazard on [0, 00) be
Av) = Ao —ae™ 0<a<Ay, ¢>0,
and write x = cd/\,. Assume
x <1, acd < (Moo — a)*.

The hazard is increasing, so G is MHR. Setting Ap = \/q gives an MHR unit-value distri-
bution whose block minimum has hazard .

Under these conditions, b/ (v) = 0 < B(v) for 0 < v < d/(As — a), whereas b (v) > B(v)
for all sufficiently large v.

Proof. Step 1: before consolidation. Since

acde=P acd

> 1-—" >0
202 S Oe—ap

¢'(p)=1-

the function ¢ is strictly increasing. By (6), the payoff derivative changes sign at most once,
so bl (v) = 0 for v < ¢(0) = d/(As — @) and (b’ (v)) = v otherwise. Write s;(v) = v — b’ (v).

For v > ¢(0),

d ade='®) ad e51(?)

AR W V7751 W Y100 SV

—Cv
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As v — 00, bl (v) > v —d/( Ao — a) — 00, 50 A(b!(v)) = Aso and s7(v) — d /Ao

o d ad
e S[(/U)_E — et

Step 2: after consolidation. The representation of 5 in Appendix A.1 is
Bv) == /Ov e HE=HWI/dy \ (1) du.
Integration by parts gives
sj(v)=v—Bv) = /Ov e~ HW)=HWI/d gy

With w =v — u,

H(v) — H(u) = Aow — ge_w(ecw - 1),
c
and therefore
sy(v) = / e/ d exple(v) (e — 1)] dw, e(v) = %e‘w
0

Step 3: a lower bound. Using e¥ > 1+ y,

d v
sy(v) > )\—(1 — e e/l 5(1})/ e AW/ (e _ 1) dap.
oo 0

Because x < 1, the last integral converges to

T

a
Moo 1 — 2

a
A —cd Ao
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Also e *=v/d = o(e™), s0

e e d ad 1
hggg}lfe {SJ(U)—E]ZE:{_ZB.

Step 4: comparison. For 0 <z <1, e * > 1 — x implies ¢ < 1/(1 — x). The preceding
limits therefore give s;(v) > s;(v), and hence B(v) < b’(v), for all sufficiently large v. For
0 < v <p(0), b (v) =0 < B(v) by Proposition 1. O

The example N = ¢ = 2, A\« = 3, a = 2 and ¢ = 0.475 satisfies both conditions. Its

aggregate discipline effect remains positive by Theorem 1.

B.2 Capacity depth and absolute gains

The bound in Section 6.3 concerns a ratio. The following result separates its limiting behavior
from the absolute revenue gain along a sequence with N and F fixed while ¢ and supply

Nqg — 1 grow.

Proposition 4 (Deep capacity). Fix N > 2 and an a-strongly reqular unit-value distribution
F with F(0) =0 and [['[1 — F(p)]*Ndp < oo. Suppose F has a density continuous at zero

with 0 < f(0) < co. Then, as ¢ — oo,

N-—-1
Ry~ )
N NF(0)g
- N1 (B.1)
L Ry, —RN ~—-— —0
R, ’ Ma TN N F(0)g

Proof. Write ' = 1 — F and n = Ngq. Continuity of f at zero gives —In F(p) =

f(0)p + o(p). For any 0 < e < f(0), choose § > 0 such that

(f(0)—e)p<—InF(p) < (f(0)+¢e)p, 0<p<ad.
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Integrating the resulting exponential bounds yields

1 o o 1
—Sliminfn/ Fp”dpglimsupn/ Fp)"dp < ——.
OEER -l Sl R S (R

For the remaining tail,

Letting € | 0 proves

©o_ " 1
n/o Fo)" do — 55 (B.2)

Equation (8) then gives the asymptotic formula for R”.

For ae < 1, the bracket in (16) converges to 1+ (1 —a)/(N —1) > 1, its negative exponent
is proportional to ¢, and L = O(q). For aw = 1, the bound is Lexp[—(¢ —1)/(N —1)]. Thus
By ,(a) = 0 in both cases. Theorem 2 implies R’ /R’ — 0, and hence R/ — R' ~ R/. [

The gain is eventually positive but converges to zero, so its maximum over integer ca-
pacities is reached at a finite ¢. The maximizing capacity is distribution-specific and need

not be the first capacity at which the class-wide bound falls below one.

B.3 Two rejected bids

Six unit values are independent and uniform on [0, 1], and four units are supplied. The
price is the highest rejected bid, which is the second-lowest of the six bids. Capacities are
(2,2,1,1) before consolidation and (2,2,2) after the two unit-demand bidders merge. A
two-unit bidder holds the ordered pair (w,v), w > v, of two draws. Within this subsection
R!, R™ and R’ denote expected revenue in the first market, in the hybrid profile defined

below, and in the second market.
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Proposition 5 (Two rejected bids). Both markets have a Bayesian Nash equilibrium in which
unit-demand bidders bid truthfully, each two-unit bidder bids its higher value truthfully, and
all two-unit bidders use a common marginal strategy. Before consolidation the marginal bid
is zero for v < 1/2 and strictly increasing for v > 1/2; after consolidation it is strictly

increasing on [0,1]. In these equilibria

2187 52
<« — = <R’
= 1480 T 105
Proof. Step 1: marginal bids. For a two-unit bidder, let H; be the cdf of the second-lowest
of its four rival bids, h; its density, and P; the probability that exactly one rival bid lies
below a given level. With the higher bid equal to w, the payoff derivative with respect to

the marginal bid b < w is
Up(b;v) = (v — b) hy(b) — Py (b). (B.3)

By the dominance argument in Engelbrecht-Wiggans and Kahn (1998) (Lemma 2.2), it
suffices to consider bids (w,b) with 0 < b < v, and truthful bidding is optimal for a unit-

demand bidder. If an increasing function ¢ satisfies (¢(b) — b)hq(b) = Py(b), then
Up(b;v) = ha(0) [v = (D) ], (B-4)

which changes sign once, from positive to negative, at the bid with ¢(b) = v. That bid is a
global best response.

Step 2: local solutions. The two equilibrium conditions below take the form x 2/(x) =
f(z,2), with f analytic near the origin, f(0,0) = 0, and f,(0,0) not a positive integer.
Such an equation has a unique analytic solution with z(0) = 0 (Hille, 1976, Theorem 11.1.1,
p. 403).
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Step 3: after consolidation. Let t denote the inverse of the marginal strategy, A = (1—t)?
and B =1— A —b%. A rival block has no bid, one bid, or two bids below b with probabilities
A, B and b?. With two rival blocks, H; = 1 — A2 — 2AB and P, = 2AB, and (B.3) at

v =t(b) gives
2(v =) (20 —v* = %)

YO e P

(B.5)

Substituting 5 = vz puts (B.5) in the form of Step 2 with f,(0,0) = —1, so a solution
exists near zero, with 3(v) = v* + Lv* + O(v°). The right-hand side of (B.5) is positive for
0<f<wv<1,equals2v/(1—wv)at f =0 and zero at 5 = v. The solution therefore stays in
0 < B(v) < v, is strictly increasing, and extends to [0,1). If its limit at one were ¢ < 1, the
right-hand side would behave as 2(1 + ¢)/(1 — v), which is not integrable; hence §(1) = 1.
By (B.4) the strategy is a global best response. Evaluating the right-hand side of (B.5) at

B = v? gives 2v + 403 /(2 + v — v*) > 2v, so the solution cannot cross v? from above, and
Bv) > v*. (B.6)

Step 4: before consolidation. A two-unit bidder faces one block and two truthful unit-

demand bidders. With A and B as above,
Hi=1—(1-0*)(1—-0b)*—24b(1 —b), P, = B(1 —b)*+2Ab(1 — b).
Here 0H;/0b holds t fixed, whereas the density is the total derivative along ¢(b):

0H,

ha(b) = St + 41— 1) b (1= b (D)

Taking right-hand limits at zero, the condition (¢ —b) hy = P; reads (2t —1)[1 — (1 —¢)*] =0

and admits the positive-cutoff solution ¢(0) = 1/2. The positive-bid branch is constructed
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from this boundary value. For b > 0, (B.3) gives

Q(b> t) a];[1

M—noa-pa—p - h-U-b%; (B.7)

t'(b) = 5

Set z(b) = t(b) — 1/2. Multiplying (B.7) by b gives bz’ = f(b,z) with f analytic near
(0,0), f£(0,0) =0 and f,(0,0) = —3/2, so Step 2 yields a unique analytic local branch with
t(b) =2+ B2+ 0(b%). Let y = (1—1t)/(1—b). Along (B.7),y' =5/[4(1—b)] >0aty =1/2
and y' = —5/(24b) < 0 at y =2/3, and 1/2 < y < 2/3 for small b > 0. Hence

1+2b 1+b
+T<t(b)<%, 0<b<l. (B.8)

The solution has no interior singularity, satisfies ¢ > b, and tends to one. Moreover ) > 0
near zero, and 9Q/0b = 2(1 — t)?(1 + b — 2t) + 12(t — b)b(1 — b) > 0 inside (B.8); at a first
zero of () one would have ¢ = 0 and d@/db > 0, which is impossible. Thus t' > 0. Let
b (v) =0 for v < 1/2 and b’ (v) = t7(v) for v > 1/2. By (B.4) the payoff is decreasing at
every positive bid when v < 1/2 and has a single peak at b’ (v) when v > 1/2. Two marginal

bids of zero are both rejected, so ties at zero do not affect the allocation. By (B.8),

3v—1

v (v) <

u(v) = 1{v > 1/2}. (B.9)

Step 5: revenue. The price is nondecreasing in every bid. Replacing b’ by u therefore
bounds R! from above, and replacing 3 by v? bounds R’ from below. The price exceeds
p when at most one of the six bids lies below p. With A the probability that neither
bid of a block lies below p and B = 1 — A — p?, the survival functions of the price are
A%(1 — p?) + 2AB(1 — p)? before and A% 4+ 3A2B after consolidation. Under u, A = 1/4
for p < 1/4 and A = 4(1 — p)?/9 otherwise; under v?, A = (1 — \/p)?. Integrating and

multiplying by four units gives R! < 2187/4480 and R’ > 52/105. O
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In the hybrid profile the two existing blocks use # and the unit-demand bidders bid
truthfully. The bound (B.6) gives R > 2402/3465, so discipline satisfies R — Rf >
90943/443520 > 0, while R/ — R¥ < 0 because the new block replaces a truthful bid v by
B(v) < v. With positive probability, exactly one other bid lies below §(v) and all remaining
bids exceed v, so the price falls from v to f(v). Numerical integration of (B.5) and (B.7)
gives R =~ 0.449, R ~ 0.721 and R’ ~ 0.525.

B.4 Partial consolidation

Consider a one-rejected-bid market with two blocks of capacity ¢, one truthful unit-demand
bidder, and supply K = 2¢. Unit values are uniform on [0,1]. If both blocks use an
increasing marginal strategy 3, the lowest rival bid facing a block is the minimum of the
rival block’s marginal bid and the unit-demand bidder’s value. Its hazard A at b = B(v)
is gA\r(v)/B'(v) + Ap(B(v)), and the first-order condition v = b+ (¢ — 1)/ Asivar(b) becomes

qAr(v) [v—B(v)]

N T e P e ) I ) R e (10
With 2 =1 —wv and z = (1 — 8)/xz, equation (B.10) reads
s _ az(z=1) (B.11)

dv  (¢q—2)z+1

Since f =1—xz, f'(v) = z4+xdz/dz, so xdz/dx = 2(22 —q—1)/[(¢ — 2)z + 1]. Separating
variables and imposing z = 1 at = 1 gives
3—2
P =" (g=2), a=zA2-2) (¢=3). (B.12)

z

Proposition 6 (Partial consolidation). Let F' be uniform. Both changes below preserve one

rejected bid and a truthful unit-demand bidder.
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(i) With four units, (2,1,1,1) — (2,2,1) lowers revenue from 8/27 to 10 — 241n(3/2) ~

0.269. The post-consolidation marginal bid is Bp(v) =1 —3(1 —v)/[2 + (1 — v)?].

(i) With siz units, (3,1,1,1,1) — (3,3, 1) raises revenue from 3/32 to 999/5 —288In2 ~
0.174.

Proof. A block with marginal value v and marginal bid b has payoff derivative proportional
to v — pp(b), where pp(b) = b+ (¢ — 1)/ Mivai(b). By (B.11), dB/dv > 0 for z > 1, so the
strategies in (B.12) are increasing. Along an increasing solution of (B.10), ¢p coincides with
the inverse of the strategy and is increasing, so the first-order condition gives the global best
response.

(i) Before consolidation the lowest of three fringe values has hazard 3/(1—10), so ¢p(b) =
b+ (1—0)/3, P(b'(X) >p) = [2(1 — p)? and BT =4 [ (1 — p)*[2(1 — p)|2dp = 8/27. After
consolidation, (B.12) with ¢ = 2 gives z = 3/(2 + 2?), which is Bp. With u = (1 — v)3,

R — 4/0 (1 —v)*1 — Bp(v)] Bp(v) dv = 24/0 H du=10—241In3.

(i) Before consolidation the lowest of four fringe values has hazard 4/(1 —1b), so pp(b) =
b+ (1—b)/2, b'(v) = max{0,20 — 1}, P'(X) > p) = [2(1 — p)? and R' = 6 [/ (1 —
p)*[3(1 — p)]*dp = 3/32. After consolidation, (B.12) with ¢ = 3 gives the strategy, with
df/dv =3z(z —1)/(z+1) >0for 1 < z <2, 5(0) =0 and §(1) = 1. The price exceeds
p = B(v) with probability 2%(1 — p), and 1 — p = zx = [2(2 — 2)]*/*. Changing variables to

z € [1,2),

1 2 _1 2_ 5
RJ:6/ x6(1—p)dp:9/ (z=D2=2) dz=?—2881n2. 0
0 1

z
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